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Abstract
We define an Isometry germ at any given event x of space-time
as a vector field ξ defined in a neighborhood of x such that the Lie
derivative of both the metric and the Riemannian connection are zero
at this event. Two isometry germs can be said to be equivalent if
their values and the values of their first derivatives coincide at x.
The corresponding quotient space can be endowed with a structure
of a bracket algebra which is a deformation of de Sitter’s Lie algebra.
Each isometry germ defines also a local stationary frame of reference,
the consideration of the family of adapted coordinate transformations
between any two of them leading to a local novel structure that gen-
eralizes the Lorentz group.
Introduction
Being able to model space-times both at the local and global scales is one of
the glories of General Relativity. But in both domains obscure points and
unsettled problems remain. This paper deals with one of these problems at a
local scale. We would like to know how to describe the the physical environ-
ment in the neighborhood U of an event x of space-time when we only know
at this event the space-time curvature, represented by the Riemann tensor.
It is often said that if U is small enough compared to some characteristic
length derived from the Riemann tensor then we can forget about General
Relativity and deal with U as if were a small domain of Minkowski’s space-
time. We want to establish the formulas that will allow us to go beyond this
intuition and decide when further work is required.
∗wtpbedil@lg.ehu.es
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Two particular domains might benefit from an improvement of our knowl-
edge of local gravitational fields. They both rely heavily on the ability to
refer to the Poincare´ and Lorentz groups. Consider the following problems:
How to define particles if we can not associate them with irreducible unitary
representations of the Poincare´ group when we know that this is not a sym-
metry group at an appropriate approximation? Or: Which is the Principle
of correspondence on which to base Quantum Mechanics if we can not rely
on the existence of privileged coordinates as are the Cartesian coordinates
for classical and Special Relativity?.
Another related problem is that of defining a sufficiently large class of
frames of reference with the same number of degrees of freedom as that
of rigid frames of reference in classical mechanics. Consider the following
problem: Two observers O1 and O2 located at a given point of space have
measured their relative velocity and each of them has measured its own New-
tonian Λ1,2 and Coriolis Ω1,2 fields. Let us assume that in the frame of refer-
ence ofO1 there is a local constant electric field. What is the electromagnetic
field in the frame of reference of O2? If the Riemann tensor were zero and
the two observers were inertial observers, i.e. if Λ1,2 = 0 and Ω1,2 = 0, then
a Lorentz transformation will give us the answer. What do we have to do in
the general case?
These are the problems and the questions that have motivated this paper.
In the process of our work we have found a Bracket algebra A which is
a deformation of the Lie algebra of de Sitter’s group, but A is not a Lie
Algebra and therefore it does not generate a group. We have found also a
family of transformations that is a deformation of the Lorentz group and it
is not a group. It is instead a novel structure whose general interest remains
to be established. This paper then does not accomplish very much. The
question is: is it the first step in the right direction ?
1 Isometry germs and de Sitter’s deformed
algebra
Let us consider a vector field ξ defined on a neighborhood U of an event x.
We shall say that ξ is an isometry germ at x if both the Lie derivative (e.g.
[1], [2]) 1 of the metric and the Lie derivative of the Riemannian connection
are zero at the event x, i.e. if:
1All our references are indicative and none of them is exclusive of many other possible
ones.
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L(ξ)gαβ|x = 0, L(ξ)Γµαβ|x = 0 (1)
Or, equivalently, if:
∇αξβ +∇βξα ∼ 0, ∇α∇βξγ +Rγβραξρ ∼ 0 (2)
where R is the Riemann tensor and where from now on we shall use the
symbol ∼ to mean an equality at a particular event x. It follows from these
equations that:
∇αξβ ∼ ζβα with ζαβ = −ζβα (3)
and:
∇α∇βξγ ∼ −Rγβραλρ (4)
where λ is the restriction of ξ at x.
We shall say that two isometry germs are equivalent if their restrictions
and the restrictions of their first and second partial derivatives coincide at
x. Every class of equivalence, that we shall call also an isometry germ, is
characterized by a pair a : (λ, ζ). Since the sum of two isometry germs is an
isometry germ and the product of a number with an isometry germ is again
an isometry germ it follows that the space of germs A is isomorphic with the
direct sum of the tangent space at x and its exterior square: A = Tx ⊕ Λ2x
We shall use the following notations:
ℜa = λ, ℑa = ζ (5)
Let us consider two isometry germs a1 : (λ1, ζ1), a2 : (λ2, ζ2) ∈ A and
let ξ
1
and ξ
2
be any two particular members of the corresponding classes
of equivalence. The Lie bracket (e.g. [1]) ξ3 of these vectors fields is by
definition:
ξα
3
= [ξ1, ξ2]
α = ξρ1∇ρξα2 − ξρ2∇ρξα1 (6)
We define the bracket of a1 and a2:
a3 = [a1, a2] (7)
as the element a3 : (λ3, ζ3) of A such that:
λα
3
∼ ξα
3
, ζα
3β ∼ ∇βξα (8)
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The element a3 thus defined does depend only on the elements a1 and a2
and not on the particular elements ξ
1
and ξ
2
chosen as representatives of the
corresponding classes. This is obvious from the simple calculation below.
From (6)it follows that:
λα
3
= λρ1ζ
α
2ρ − λρ2ζα1ρ (9)
Also covariantly deriving (6) and using (3), (4) and the symmetries of the
Riemann tensor we obtain:
ζα
3β = ζ
ρ
1βζ
α
2ρ − ζρ2βζα1ρ +Rαβρσλρ1λσ2 (10)
Let us consider a local system of coordinates around the event x such
that:
gαβ ∼ ηαβ (11)
g being the space-time metric and η being the Cartesian form of the Minkowski
metric so that, e being the induced natural basis of Tx, we have:
eαeβ = ηαβ (12)
From now on raising and lowering greek indices will be done with this latter
metric. Also from now on we shall use the following basis (Pα, Jµν), with
µ < ν, of Tx ⊕ Λ2x defined by:
(ℜPα)β = δβα, (ℑPα)µν = 0 (13)
and:
(ℜJµν)α = 0, (ℑJµν)ρσ = ηστδρτµν (14)
where the δ’s are respectively the Kronecker tensors of order 2 and 4. Notice
that although the restriction µ < ν is necessary to have the right number of
elements in the basis we in the sequel shall not consider this restriction and
we shall instead insert when necessary the appropriate numerical factors to
keep track of the skew symmetry between these two indices.
To keep notations simple we shall use the same notation Pα, Jµν to refer to
the isometry germs that they generate. From this point of view the defining
conditions (13) and (14) mean:
P βα ∼ δβα, ∇ρP βα ∼ 0 (15)
and:
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Jαµν ∼ 0, ∇αJσµν ∼ ηαρδσρµν (16)
Using Eqs. (9)and (10) we obtain to begin with the following commutation
relations:
(ℜ[Pα, Pβ])ρ = 0, (ℑ[Pα, Pβ])ρσ =
1
2
Rρσαβ (17)
that are equivalent to:
[Pα, Pβ] =
1
2
R µναβ Jµν (18)
the remaining commutation relations being the familiar ones:
[Jλµ, Pα] = (ηλαδ
ρ
µ − ηµαδρλ)Pρ (19)
[Jαβ , Jλµ] = (ηαλδ
ρσ
βµ + ηβµδ
ρσ
αλ − ηαµδρσβλ − ηβλδρσαµ)Jρσ (20)
If the space-time has constant curvature K, i.e. if (e.g. [3]):
R ρσαβ =
R
12
δρσαβ (21)
where K = R/12 and R is the Ricci scalar, then Eqs. (17) become ([6]):
[Pα, Pβ] =
R
12
Jαβ (22)
and the bracket algebra A that we have constructed is the Lie algebra of de
Sitter’s group, or the Poincare´ group if R = 0. But in general A is not a Lie
algebra and as we prove below is a Lie algebra iff the space-time at the event
x has constant curvature.
The algebra A is a Lie algebra iff the Jacobi identities:
[[XI , XJ ], XK ] + [[XJ , XK ], XI ] + [[XK , XI ], XJ ] = 0, (23)
where XI , XJ and XK are three arbitrary elements of a basis of A, are
satisfied.
We know that the Jacobi expressions above when they involve none or
only one of the generators P’s are always satisfied because their calculation,
being identical to that with a null Riemann tensor, gives zero. On the other
hand if we consider the case with three generators P’s the result is again zero
because of the cyclic symmetry of the Riemann tensor.
There remains to consider the case with X = Pα, Y = Pβ and Z = Jλµ
then (23) that leads to:
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Rσαβµ δ
ρ
λ +R
ρ
αβλ δ
σ
µ − Rσαβµ δσλ − Rσαβλ δρµ
+R ρσλα ηβµ +R
ρσ
µβ ηαλ −R ρσµα ηβλ − R ρσλβ ηαµ = 0 (24)
Contraction of the indices β and µ leads to:
− Rσαδρλ +Rραδσλ − R ρ σα λ +R σ ρα λ + 2R ρσλα = 0 (25)
where the two indices R is the Ricci tensor. A further contraction of α and
σ leads to:
Rρλ =
1
4
Rδρλ (26)
Using now this formula in (25), remembering that R = 12K we obtain (21).
Notice that this result was easy to guess from the knowledge of the theo-
rem stating that a space-time has a symmetry group with maximal dimension
10 iff it has constant curvature, but it is still interesting to have a simpler
pure algebraical proof in an enlarged context.
2 The Casimir operator
The capital indices I, J,K, · · · that we have already used in the preceding sec-
tion stand either for a single covariant index α, β, γ, · · · or for an antisymmet-
ric pair ρσ, µν · · ·. Using this notation we write generically the commutation
relations (18)-(20) as:
[XI , XJ ] = C
K
IJXK (27)
where the non zero structure constants C’s are:
Cλµα,β = R
λµ
αβ (28)
Cρλµ,α = ηλαδ
ρ
µ − ηµαδρλ (29)
Cρσαβ,λµ = ηαλδ
ρσ
βµ + ηβµδ
ρσ
αλ − ηαµδρσβλ − ηβλδρσαµ (30)
Notice the use of a comma to separate single covariant indexes from covariant
pairs ones.
Although we are not dealing in general with a Lie algebra some of the
algebraic objects which are relevant in the study of Lie algebras can also be
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defined for the deformed algebra we are considering here. This is the case
with the Killing tensor and the first Casimir operator (e.g. [4], [5]).
The Killing tensor will thus be defined as the symmetric tensor with
components:
KIJ = BC
K
ILC
L
JK (31)
where B is a free factor that we shall choose in a moment. A simple calcu-
lation gives:
Kρ,σ = −2BRρσ (32)
Kαβ,γδ = −6B(ηαγηβδ − ηαδηβγ) (33)
Kαβ,γ = 0 (34)
The determinant of the Killing tensor is different of zero iff the determi-
nant of the Ricci tensor is different of zero. Let us assume that this is the
case. We choose then B to be, up to a sign ǫ:
B = − ǫ
2
| det(Rµν)|−1/4 (35)
which is a convenient factor to use below when considering Einstein’s space-
times. Let us consider the inverse of the Killing tensor and that of the Ricci
tensor:
KISK
SJ = δJI , RαρU
ρβ = δβα (36)
We have more explicitly:
Kρ,σ = − 1
2B
Uρσ, Kγδ,ρσ = − 1
6B
(ηγρηδσ − ηγσηδρ) (37)
Let us assume now that a representation of A has been found. If we
designate the operators of the representation algebra generically as X̂I , i.e.
if:
[X̂I , X̂J ] = X̂IX̂J − X̂JX̂I = CKIJX̂K (38)
then the Casimir operator is:
Ĉ = KIJX̂IX̂J (39)
or more explicitly:
̂C = Kρσ ̂Pρ ̂Pσ − 1
12B
ηαρηβσ ̂Jαβ ̂Jρσ (40)
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where we have dropped the by now useless comma to separate the contravari-
ant indices of the symmetric tensor K. If the space-time is an Einstein space
at the event x, i.e. if:
Rαβ ∼ R
4
ηαβ, U
αβ =
4
R
ηαβ (41)
then, even without the space-time having constant curvature, the Casimir
operator becomes, using the numerical factor B = −2/R given in this case
by (35) with ǫ = 1 (e.g. [6]):
̂C = ηρσ ̂Pρ ̂Pσ +
R
24
ηαρηβσ ̂Jαβ ̂Jρσ (42)
which is the usual expression for it when the space-time has constant cur-
vature. Notice that this expression has the expected limit when R tends to
zero while the whole process is invalid if one assumes that R = 0 from the
beginning.
The importance of the Casimir operator of Lie algebras comes from the
fact that it commutes with all the elements of the representation algebra, i.e.
:
[ ̂C, ̂XI ] = 0. (43)
But the algebra A that we are studying is not a Lie algebra and the Eqs.
above are not satisfied in general as we show below.
Let us consider first the commutation relations:
[Ĵαβ , Ĉ] = K
ρσ[Ĵαβ, P̂ρP̂σ]− 1
12B
[Ĵαβ , η
µρηνσĴµν Ĵρσ] (44)
The second bracket in the r-h-s does not involve the Riemann tensor and it
is known to be zero. As for the first bracket, a simple calculation with a
repeated use of the formula:
[̂XI , ̂XJ ̂XK ] = ̂XI [̂XJ , ̂XK ] + [̂XI , ̂XJ ]̂XK (45)
leads to:
[Ĵαβ , Ĉ] = −Kρα(PρPβ + PβPρ) +Kρβ(PρPα + PαPρ) (46)
The r-h-s is not zero in general but it is zero trivially if the space-time is an
Einstein space.
Let us consider now the commutation relations:
[ ̂Pα, ̂C] = K
ρσ[ ̂Pα, ̂Pρ ̂Pσ]− 1
12B
[ ̂Pα, η
µρηνσ ̂Jµν ̂Jρσ] (47)
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We obtain then:
[ ̂Pα, ̂C] =
1
2
KρσR γδασ (
̂Pρ ̂Jγδ + ̂Jγδ ̂Pρ)− 1
12B
ηρσ( ̂Jρα ̂Pσ + ̂Pσ ̂Jρα) (48)
This commutator is zero iff the space-time has constant curvature at the
event x. That is to say that it is not zero even in the case where the space-
time is an Einstein space, case for which the Casimir operator is formally
identical to the Casimir operator of an space-time with constant curvature.
3 The Laplacian operator
The natural principle of correspondence between vector fields ξ and differ-
ential operators:
ξ → ξˆ = ξρ∇ρ (49)
can not be used to obtain an intrinsic representation of the algebra A because
the third derivatives of the isometry germs are not defined except when the
space-time has constant curvature. It can be useful though sometimes as a
debased representation if we keep in mind that only the value of ξˆ and its
first and second derivatives are defined at the event x, while only the values
of:
ξˆ1ξˆ2 = ξ
ρ
1∇ρ(ξσ2∇σ) (50)
and its first derivatives are defined at x, and while only the value of:
ξˆ1ξˆ2ξˆ3 = ξ
ρ
1∇ρ(ξσ2∇σ(ξτ3∇τ ) (51)
is defined at the event x.
We give in the following one example of its usefulness. As we mention
before the Lie algebra of the Poincare´ group, i.e. the algebra A when the
Riemann tensor is zero, does not have a Casimir operator in the sense of the
definition (39) because the Ricci tensor being zero the tensor U does not
exists. Nevertheless the operator:
Ĉ = ηρσP̂ρP̂σ (52)
can be defined as the limit of the Casimir operator (42) when the Ricci scalar
R goes to zero. Although it is most often defined as the lowest degree element
of the envelopping algebra of A which commutes with all the elements of
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A (e.g. [7]). Another fundamental property for physics is that using the
representation:
P̂ρ = P
σ
ρ ∂σ (53)
Ĉ becomes the Laplacian operator :
Ĉ = ηρσ∂ρσ (54)
a property that does not even has in general the restriction, at the event x,
of the Casimir operator defined by Eq. (39).
We give below the definition of a new general operator:
Ĉ△ = η
ρσP̂ρP̂σ +
1
2
ηαρ(Rβσ − 1
6
Rηβσ)Ĵαβ Ĵρσ (55)
that although it has not been derived from a general procedure it has two
important properties: i) it reduces obviously to the Casimir operator (42)
when the space-time has constant curvature or is an Einstein space, and
reduces to (52) when it is flat, and ii) it is osculator to the Laplacian operator.
We mean by this that if we set :
P̂ρ = P
σ
ρ∇σ, Ĵρσ = Jαρσ∇α (56)
then the following relations can be proved easily using (15) and (16):
Ĉ△ ∼ △, ∇αĈ△ ∼ ∇α△. (57)
where:
△ = gαβ∇α∂β (58)
So that we can consider Ĉ△ to be an algebraic substitute for the Laplacian
operator when dealing with linear representations of A.
The commutation relations of this new operator with the generators of
the algebra A are now the following:
[P̂α, Ĉ] =
1
2
R γδαρ η
ρσ(P̂σĴγδ + ĴγδP̂σ)
+
1
2
(Rµν − 1
6
Rηµν)ηρσ(P̂ρĴσν + ĴσνP̂ρ)− P̂µĴαν − ĴανP̂µ) (59)
and:
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[Ĵαβ, Ĉ] =
1
2
(Rµβ −
1
6
Rδµβ )η
ρν(ĴρµĴαν + Ĵαν Ĵρµ)
−1
2
(Rµα −
1
6
Rδµα)η
ρν( ̂Jρµ ̂Jβν + ̂Jβν ̂Jρµ) (60)
For space-times with constant curvature the Principle of correspondence
(49) is a representation of de Sitter’s algebra and the Casimir operator (42)
coincides also with the Laplacian of the space-time 2
4 Adapted local coordinate systems
An obvious system of coordinates to use to deepen the geometric and physical
understanding of the family of symmetry germs generated by the algebra A
of the preceding sections is any system of geodesic coordinates z anchored
at an event x with a natural orthonormal basis at x. With such a system of
coordinates we have (e.g. [8]):
gαβ ∼ ηαβ , Γγαβ ∼ 0, ∂λΓγαβ ∼
1
3
(Rγαλβ +R βλα) (61)
from where it follows that the space-time metric can be written up to the
second order of approximation as:
gαβ ≈ ηαβ − 1
3
Rαλβµz
λzµ (62)
where from now on the symbol ≈ will mean that products of more than
two coordinate values have been neglected unless more terms are written
explicitly. Let ξ be an isometry germ generated by the element a : (λ, ζ).
From (3) and (4) we get then:
ξγ ≈ λγ + zρζγρ −
1
3
Rγµβνz
µzνλβ (63)
and therefore the linear momentum and angular momentum generators are:
P γβ ≈ δγβ −
1
3
Rγµβνz
µzν , Jαρσ ≈ xβηβγδαγρσ (64)
Other natural systems of coordinates to use with a deeper physical mean-
ing in the neighborhood of an event x are those adapted to the isometry germs
for which the space-time metric is independent of time up to the second order
2J. Mart´ın, private communication
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of approximation. More precisely we shall say that a system of coordinates
y is adapted to an isometry germ generated by a : (λ, ζ) if in this system of
coordinates we have:
ξ0 ≈ 1, ξi ≈ 0, i, j, k · · · = 1, 2, 3 (65)
To construct such system of coordinates requires to proceed with a two
steps process: i) To perform a Lorentz transformation L to have:
λα ∼ δα
0
(66)
and ii) to perform a coordinate transformation:
yα ≈ zα + 1
2
Aαρσz
ρzσ +
1
6
Aαρστz
ρzσzτ (67)
to implement the conditions (65). Assuming that the first step has already
been made, this leads to the following equations that the completely sym-
metric A’s have to satisfy:
Aα
0ρ = −ζαρ (68)
Aα
0ρσ = −Aαλσζλρ − Aαλρζλσ +
1
3
(Rαρ0σ +R
α
σ0ρ) (69)
Since the A’s below do not appear in the preceding equations we are free to
impose the supplementary conditions:
Aαij = 0, A
α
ijk = 0 (70)
From Eqs. (77) below we see that the choice above means that the space
coordinates in the neighborhood of x are geodesic coordinates of the space
metric.
More explicitly the three indices A’s are found to be:
Aα
000
= 2ζαβζ
β
0 (71)
Aα
00j = −
1
3
Rα
0j0 + ζ
α
0
ζ0j + ζ
α
iζ
i
j (72)
Aα
0ij =
1
3
(Rαi0j +R
α
j0i) + ζ
α
iζ
0
j + ζ
α
jζ
0
i (73)
To obtain the new expression for the space-time metric is a quite elemen-
tary but cumbersome process. It requires using (68)-(70) to determine the
coefficients of the inverse coordinate transformation:
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zα ≈ yα + 1
2
Bαρσx
ρxσ +
1
6
Bαρστx
ρxσxτ (74)
and going through the usual process of performing a tensor transformation
on the metric (62). The result is the following:
g00 ∼ −1 + 2ζ0ixi + (ζρiζρj −R0i0j)xixj (75)
g0i ∼ −ζjixj − 2
3
Rij0kx
jxk (76)
gij ∼ δij − 1
3
Rikjlx
kxl (77)
Every time-like Killing congruence describes the motion of a frame of
reference and when using adapted coordinates the local gravitational field is
described by the two space tensors:
Λi = −∂i ln ξ, Ωij = ξ(∂iϕj − ∂jϕi)) (78)
with:
ξ =
√−g00, ϕi = ξ−2g0i (79)
which are the Newtonian and Coriolis fields. We see from (75) and (76) that
for isometry germs we have:
Λi ∼ ζ0i, Ωij ∼ 2ζji (80)
showing that the elements a : (λ, ζ) have a dual meaning since they are the
generators of isometry germs as well as the local measurable gravitational
fields in the frames of reference that they define.
5 Generalized Lorentz transformations: a novel
structure
Given two isometry germs ξ1 and ξ2 generated by a1 : (λ1, ζ1) and a2 : (λ2, ζ2)
with the corresponding systems of adapted coordinates y1 and y2 obtained
as in the preceding section, an important physical point is to establish the
transformation from one of these systems of coordinates to the other. This
is crucial to the very concept of physical relativity since these are the trans-
formations that give an intrinsic meaning to tensors, i.e. whose space-time
physical quantities that exhibit different projections depending on the refer-
ence frame that different observers might use. If the Riemann tensor is zero
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and ζ1 and ζ2 are zero we know that these transformations are the Lorentz
transformations. Therefore the important point we are referring to is how
to determine the general transformations from y1 to y2, say, when i) the
Riemann tensor is not zero at some event x and/or ii) the isometry germs
associated with two reference frames in the neighborhood of this event have
general parameters (λ1, ζ1) and (λ2, ζ2).
Let L1 and L2 be two Lorentz transformations such that:
δα
′
0′
= Lα
′
1ρλ
ρ
1, δ
α′′
0′′
= Lα
′′
2ρ λ
ρ
2 (81)
then the transformations from y1 to y2 will have symbolically the following
form:
y2 ≈ f(y1;α1;α2) (82)
where each symbol α stands collectively for (L,λ, ζ) and as it can be easily
seen by construction the function f will have the following properties:
•
f(y;α;α) = y (83)
•
f(y2;α2;α1) ≈ y1 (84)
•
f(f(y1;α1;α2);α2;α3) ≈ f(y1;α1;α3) (85)
These three properties define the novel structure that we mentioned in the
abstract and the introduction 3.
Again the details of the calculation in the general case are quite elemen-
tary but cumbersome and we shall restrict ourselves two consider two simple
examples. The first one assumes: i) that the Riemann tensor is zero, or can
be neglected:
Rαβγδ ∼ 0 (86)
and ii) that the product of ζ’s can be neglected. Using the self-explanatory
notations:
zα
′
1
= Lα
′
1ρz
ρ, zα
′′
2
= Lα
′′
2ρ z
ρ (87)
the two coordinate transformations (67) to be considered are:
3A similar structure was anticipated in [9]
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yα
′′
2
≈ zα′′
2
+
1
2
Aα
′′
2µ′′ν′′z
µ′′
2 z
ν′′
2
(88)
yα
′
1
≈ zα′
1
+
1
2
Aα
′
1µ′ν′z
µ′
1 z
ν′
1
(89)
and its inverse at the corresponding approximation, where the non zero A’s
are given by Eqs. (68) for both sets of indices with one prime or two primes.
Eliminating z from (88) using the inverse of (89) we get:
yα
′′
2
≈ Lα′′
3γ′(y
γ′
1 −
1
2
Aγ
′
1µ′ν′y
µ′
1 y
ν′
1
) +
1
2
Aα
′′
2µ′′ν′′L
µ′′
3γ′L
ν′′
3δ′y
γ′yδ
′
(90)
where:
Lα
′′
3γ′ = L
α′′
2ρL
ρ
1γ′ (91)
If in particular we assume that L2 = δ then we have dropping the double
primes:
yα
2
≈ Lα
1γ′(y
γ′
1 −
1
2
Aγ
′
1µ′ν′y
µ′
1 y
ν′
1
) +
1
2
Aα
2µνL
µ
1γ′L
ν
1δ′y
γ′
1 y
δ′
1
(92)
or, using (68):
yα
2
≈ Lα
1γ′(y
γ′
1 −
1
2
ζγ
′
10′
(y0
′
1
)2 − ζγ′
1j′y
0
′
1
yj
′
1
+
1
2
(ζα
10
L0
1γ′L
0
1δ′ + ζ
α
1j(L
0
1γ′L
j
1δ′ + L
0
1δ′L
j
1γ′))y
γ′
1 y
δ′
1
(93)
And if we add the assumption L2 = δ then we have dropping the tildes:
yα
2
≈ yα
1
− 1
2
(ζα
10
− ζα
20
)(y0
1
)2 − (ζα
1j − ζα2j)y01yj1 (94)
In the second example we assume that both ζ1 and ζ2 are zero. The two
coordinate transformations (67) that we have to use now are:
yα
′′
2
≈ zα′′
2
+
1
6
Aα
′′
2µ′′ν′′ρ′′z
µ′′
2 z
ν′′
2
zρ
′′
2 (95)
yα
′
1
≈ zα′
1
+
1
6
Aα
′
1µ′ν′ρ′z
µ′
1 z
ν′
1
zρ
′
1 (96)
and its inverse at the corresponding approximation, where the non zero A’s
are:
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Aα
00j = R
α
00j , A
α
0ij =
1
2
(Rαi0j +R
α
j0i) (97)
for both A’s with indices with one prime or two primes. Eliminating z from
(95) using the inverse (96) we get:
yα
′′
2
≈ Lα′′
3γ′(y
γ′
1 −
1
6
Aγ
′
1µ′ν′ρ′y
µ′
1 y
ν′
1
yρ
′
1 ) +
1
6
Aα
′′
2µ′′ν′′ρ′L
µ′′
3γ′L
ν′′
3δ′L
ρ′′
3ǫ′y
γ′
1 y
δ′
1
yǫ
′
1
(98)
If we consider now the case with L2 = δ then we have dropping the double
primes:
yα
2
≈ Lα
1γ′(y
γ′
1 −
1
2
Aγ
′
1µ′ν′ρ′y
µ′
1 y
ν′
1
yν
′
1
) +
1
2
Aα
2µνρL
µ
1γ′L
ν
1δ′L
ρ
1ǫ′y
γ′
1 y
δ′
1
yǫ
′
1
(99)
or using (97):
yα
′
2
≈ Lαγ′(yρ1 −
1
6
Rγ
′
0′0′j′(y
0′
1
)2y0
′
1
yj
′
1 −
1
3
Rγ
′
i′0′j′y
i′
1
y0
′
1
yj
′
1 )
+
1
3
(
1
2
Rγ00jL
0
1γ′L
0
1δ′L
j
1ǫ′ +R
γ
i0jL
0
1γ′L
i
1δ′L
j
1ǫ′)y
γ′
1 y
δ′
1
yǫ
′
1
(100)
If we further assume that L1 = δ then we would get y2 = y1.
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